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 0B5<0B8:0 ?ә=і=5= 1і@і=Hі (өңі@;і:) :575ң  
Ш�ШІ ��$І 

1-5A5?. А=7ү?8ің 5B=O 4 170 E@, АD@4AAOң 5B=O 4 180 E@ :әA9 B?4D 5іD EOAOCF4 B�<8O. !OAOCF4ғO 
�O;84D8Oң BDF4L4 5B=O 4 165 E@, 4? ұ?84D8Oң BDF4L4 5B=O 4 175 E@. �79D А=7ү? @9A АD@4AA4A 
54E�4 54D?O� B�GLO?4D8Oң BDF4L4 5B=O 170 E@ 5B?E4, EOAOCF4 ұ?84D �O;84D84A A9L979 >өC? 
Ш5Hі<і. ý 3 cOAOCF4ғO ұ?84D8Oң E4AO, þ 3 �O;84D8Oң E4AO 5B?EOA. �A84, ұ?84D8Oң 5B=?4DOAOң 
�BEOA8OEO 175ý->9, 4? �O;84D8Oң 5B=?4DOAOң �BEOA8OEO 165þ->9 F9ң 5B?48O.  

(1 ұC4=) 
А=7ү? @9A АD@4AA4A 54E�4 B�GLO?4D8Oң BDF4L4 5B=OA 9E9CF9=і>:  175ý 2 180 + 165þ 2 170ý 2 1 + þ 2 1 . 
�9@9>:  170 = 175ý + 165þ 2 350ý + þ 2 2  

(3 ұC4=) 
 ⇒  170ý + 170þ 2 340 = 175ý + 165þ 2 350 ⇒ 5ý 2 5þ = 10 ⇒ ý 2 þ = 2. 

(1 ұC4=) 
�0C01O: 2. 

2-5A5?. �45ODғ4EO 1-79 F9ң L4DLOAOң әD5іD �45ODғ4EOA4 EODFF4= F9ң5ү=іD?і FD4C9J<S?4D E4?OA8O. 
�79D BEO FD4C9J<S?4D8Oң Fө59?9Dі 8ұDOE BA 9>і5ұDOLFOң Fө59?9DіA �ұD4E4, BA84 BA 9>і5ұDOLFOң 
C9D<@9FDіA F45OңO;. 
Ш5Hі<і. �ұDOE BA 9>і5ұDOLFOң әD5іD іL>і 5ұDOLO (1222)∙180°12 = 150° 5B?ғ4A8O�F4A, 
FD4C9J<S?4D8Oң F9ң >іLі 5ұDOLF4DO 30°-�4 F9ң 5B?48O. 

(1 ұC4=) 

!GD9FF97і89= EH 3 E-89A AB-ғ4 FүEіDі?79A C9DC9A8<>G?SD. �ұDOE BA 9>і5ұDOLFOң �45ODғ4?4DOAOң 
ұ;OA8OғO ý 5B?EOA, 89@9> ýý = ýþ = þþ = ý. �A84,  ý� = ýþ 2 ýþ2 = 1 2 ý2 . 

(1 ұC4=) 
�>іALі :4ғOA4A, ýý� Fі>5ұDOLFO үL5ұDOLOA84 ∠�ýý = 30° 5B?ғ4A8O�F4A: 



cos 30° = √32 = ý�ýý = ý�ý ⇒ ý� = √3ý2 . 
(1 ұC4=) 

�9@9>, ý� = 12�2 = √3�2  ⇒ ý = 1√3+1 = √3212 . �A84, C9D<@9FD: � = 12ý = 6√3 2 6 5B?48O. 
(2 ұC4=) 

�0C01O: 6√3 2 6. 
3-5A5?. cos2 (ý 2 �18) = sin �9 sin 2ý F9ң89GіAің (0; �2) 4D4?OғOA84 :4F4FOA 54D?O� L9Lі@89DіA 
F45OңO;. 
Ш5Hі<і 1. cos2 ÿ = 1+cos 2�2  HBD@G?4EOA �B?84AOC F9ң89G8і FүD?9A8іDіC >9?9Eі F9ң8і>Fі 4?4@O;: 1 + cos (2ý 2 �9)2 = sin �9 sin 2ý  ⟺ 1 + cos (2ý 2 �9) = 2 sin �9 sin 2ý 

(1 ұC4=) 
"9ң89G8ің Bң :4ғOA ÿ = �9 ,  Ā = 2ý 89C 4?OC, 2 sin ÿ sin Ā = cos(ÿ 2 Ā) 2 cos(ÿ + Ā) 
HBD@G?4EO@9A FүD?9A8іD9@і;. CBA84: 1 + cos (2ý 2 �9) = cos (2ý 2 �9) 2 cos (2ý + �9) ⟺ cos (2ý + �9) =  21.  

(2 ұC4=) 
�79D cos � = 21 5B?E4, � =  � + 2��, � ∈ ℤ 5B?GO >9D9> 9>9Aі FүEіAі>Fі. �9@9>: 2ý + �9 = � + 2�� ⇒ ý = 4�9 + �� 

(1 ұC4=) ý ∈ (0; �2) 5B?ғ4A8O�F4A F9> � = 0 5B?4 4?8O. �?4= 5B?E4, ý = 4�9  5B?48O. 
(1 ұC4=) 

�0C01O: ý = 4�9 .  

Ш5Hі<і 2. "9ң89G8ің EB? :4ғOA cos(ÿ 2 Ā) = cos ÿ cos Ā + sin ÿ sin Ā HBD@G?4EO@9A, 4? Bң :4ғOA sin 2ÿ = 2 sin ÿ cos ÿ HBD@G?4EO@9A, �9 = 2�18 89C 4?OC FүD?9A8іD9@і;. (cos ý cos �18 + sin ý sin �18)2 = 4 sin ý sin �18 cos ý cos �18  ⇔ 

(1 ұC4=) cos2 ý cos2 �18 + 2 sin ý sin �18 cos ý cos �18 + sin2 ý sin2 �18 = 4 sin ý sin �18 cos ý cos �18 ⇔ cos2 ý cos2 �18 2 2 sin ý sin �18 cos ý cos �18 + sin2 ý sin2 �18 = 0 ⇔ (cos ý cos �18 2 sin ý sin �18)2 = 0 ⇔ cos ý cos �18 2 sin ý sin �18 = 0. 
(2 ұC4=) cos ÿ cos Ā 2 sin ÿ sin Ā =  cos(ÿ + Ā) HBD@G?4EOA �B?84AOC, cos(ý + �18) = 0 F9ң8і7іA 4?4@O;. cos � = 0 5B?E4, � = �2 + ��, � ∈ ℤ 5B?4FOAO FүEіAі>Fі. �9@9>:  ý + �18 = �2 + �� ⇒ ý = 4�9 + �� 



(1 ұC4=) ý ∈ (0; �2) 5B?ғ4A8O�F4A F9> � = 0 5B?4 4?8O. �?4= 5B?E4, ý = 4�9  5B?48O. 
(1 ұC4=) 

�0C01O: ý = 4�9 . 
4-5A5?. "ө@9A897і F9ң89G?9D :ү=9EіA �4A4ғ4FF4A8OD4FOA 54D?O� (ÿ, Ā, ā) 5үFіA E4A84D үLFі>F9DіA 
F45OңO;: {ÿ + Ā = ā,Ā ∙ ā = ÿ.  

Ш5Hі<і. �>іALі F9ң89G8і 5іDіALі F9ң8і>>9 �BS@O;: {ÿ + Ā = āĀ ∙ ā = ÿ ⇒ Āā + Ā = ā. Āā + Ā = ā ⇔ Ā(ā + 1) 2 ā = 0 ⇔ Ā(ā + 1) 2 (ā + 1) = (Ā 2 1)(ā + 1) = 21. 
(3 ұC4=) 21 E4AOAOң 5үFіA 5ө?7іLF9Dі 21 :әA9 1 E4A84DO. �9@9>, >9?9Eі 5>і 6ағ4а=4ы қаDаEFыDEақ 65F>і?>Fі: 

1) {Ā 2 1 = 21ā + 1 = 1  ⇒ {Ā = 0ā = 0  ⇒ ÿ = 0. (ÿ, Ā, ā) = (0, 0, 0) үLFі7і :ү=9Aі �4A4ғ4FF4A8OD48O. 
(1 ұC4=) 

2) { Ā 2 1 = 1ā + 1 = 21 ⇒ { Ā = 2ā = 22 ⇒ ÿ = Āā = 24. (ÿ, Ā, ā) = (24, 2, 22) үLFі7і 89 59Dі?79A F9ң89G?9D 
:ү=9EіA �4A4ғ4FF4A8OD48O. 

(1 ұC4=) 

�0C01O: (ÿ, Ā, ā) ∈ {(0, 0, 0), (24, 2, 22)}. 
5-5A5?. ÿ(21)Ā(21) = ÿ(1)Ā(1) = 22 F9ң8і7іA �4A4ғ4FF4A8OD4FOA ÿ(ý) :әA9 Ā(ý) >648D4F үL@үL9?9Dі 59Dі?79A. 
�79D ÿ(3) = 36, ÿ(2) = 17 :әA9 Ā(2) = 21 5B?E4, Ā(3)-Fің @әAіA F45OңO;. 
Ш5Hі<і. ℎ(ý) = ÿ(ý) + 2Ā(ý) үL@үL9EіA �4D4EFOD4=O�.  

(1 ұC4=) 
�E9C L4DFOA4A ℎ(1) = ℎ(21) = 0 5B?4FOAOA 54=�4=@O;. �9@9>, ℎ(ý) = ÿ(ý 2 1)(ý + 1) FүDіA89 
5B?48O. 

(1 ұC4=) ℎ(2) = ÿ(2) + 2Ā(2) = 17 2 2 = 15 = ÿ(2 2 1)(2 + 1) ⇒ ÿ = 5. 
(1 ұC4=) ℎ(3) = ÿ(3) + 2Ā(3) = 36 + 2Ā(3) = 5(3 2 1)(3 + 1) = 40 ⇒ Ā(3) = 2.  
(2 ұC4=) 

�0C01O: Ā(3) = 2. 
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�040G0 1. А=7G?P < АD@4A GK4FES 6 B8AB@ >?4EE9.  BEF А=7G?P 4 170 E@, DBEF АD@4A4 4 180 E@. 
!D98A<= DBEF 896BK9> 6 >?4EE9 4 165 E@, 4 ED98A<= DBEF @4?PK<>B6 4 175 E@. �E?< ED98A<= DBEF 6E9I 
GK9A<>B6, >DB@9 А=7G?P < АD@4A4, D469A 170 E@, FB A4 E>B?P>B @4?PK<>B6 6 >?4EE9 5B?PL9, K9@ 
896BK9>? 

$5H5=85. �GEFP ý 4 K<E?B @4?PK<>B6 6 >?4EE9, 4 þ 4 K<E?B 896BK9>. 
"B784 EG@@4 DBEFB6 @4?PK<>B6 D46A4 175ý, 4 EG@@4 DBEFB6 896BK9> 4 165þ. 

(1 54??) 
ВOK<E?<@ ED98A<= DBEF 6E9I GK9A<>B6, >DB@9 А=7G?P < АD@4A4: 175ý 2 180 + 165þ 2 170ý 2 1 + þ 2 1 . 
!?98B64F9?PAB,  170 = 175ý + 165þ 2 350ý + þ 2 2 . 

(3 54??a) 
�FER84  170ý + 170þ 2 340 = 175ý + 165þ 2 350 ⇒ 5ý 2 5þ = 10 ⇒ ý 2 þ = 2. 

(1 54??) 
"B25B: 2. 

�040G0 2. �4A >648D4F EB EFBDBAB= 1. �4 >4:8B= 97B EFBDBA9 6A9LA<@ B5D4;B@ CBEFDB9AO D46AB5B><9 
FD4C9J<<. �E?< 69DL<AO QF<I FD4C9J<= B5D4;GRF 69DL<AO CD46<?PAB7B 869A48J4F<G7B?PA<>4, 
A4=8<F9 C9D<@9FD 84AAB7B 869A48J4F<G7B?PA<>4. 
$5H5=85. "4> >4> >4:8O= 6AGFD9AA<= G7B? CD46<?PAB7B 869A48J4F<G7B?PA<>4 D469A (1222)∙180°12 =150°, FB @9APL<9 G7?O FD4C9J<= D46AO 30°. 

(1 54??) 

EH 3 QFB C9DC9A8<>G?SD, BCGM9AAO= <; FBK>< E A4 EFBDBAG AB (E@.D<E.). �GEFP 8?<A4 EFBDBAO 
CD46<?PAB7B 869A48J4F<G7B?PA<>4 D46A4 ý, E?98B64F9?PAB, ýý = ýþ = þþ = ý. "B784,  ý� = ýþ 2 ýþ2 = 1 2 ý2 . 



(1 54??) 
! 8DG7B= EFBDBAO, 6 CDS@BG7B?PAB@ FD9G7B?PA<>9 ýý�, 789 ∠�ýý = 30°, <@99@: cos 30° = √32 = ý�ýý = ý�ý ⇒ ý� = √3ý2 . 

(1 54??) 
!?98B64F9?PAB,  ý� = 12�2 = √3�2  ⇒ ý = 1√3+1 = √3212 . �9D<@9FD: � = 12ý = 6√3 2 6. 

(2 54??4) 
"B25B: 6√3 2 6. 

�040G0 3. �4=8<F9 6E9 >BDA< GD46A9A<S cos2 (ý 2 �18) = sin �9 sin 2ý, A4 <AF9D64?9 (0; �2). 
$5H5=85 1. ИECB?P;GS HBD@G?G cos2 ÿ = 1+cos 2�2  , CD9B5D4;G9@ GD46A9A<9 < CB?GK<@ E?98GRM99 
D469AEF6B: 1 + cos (2ý 2 �9)2 = sin �9 sin 2ý  ⟺ 1 + cos (2ý 2 �9) = 2 sin �9 sin 2ý 

(1 54??) 
�D46GR K4EFP GD46A9A<S CD9B5D4;G9@ CB HBD@G?9 2 sin ÿ sin Ā = cos(ÿ 2 Ā) 2 cos(ÿ + Ā), 789 ÿ =�9 ,  Ā = 2ý. "B784: 1 + cos (2ý 2 �9) = cos (2ý 2 �9) 2 cos (2ý + �9) ⟺ cos (2ý + �9) =  21.  

(2 54??4) 
И;69EFAB, KFB 9E?< cos � = 21, FB � =  � + 2��, � ∈ ℤ. !?98B64F9?PAB:  2ý + �9 = � + 2�� ⇒ ý = 4�9 + �� 

(1 54??)  
�BE>B?P>G ý ∈ (0; �2), 98<AEF69AAB9 CB8IB8SM99 ;A4K9A<9 4 QFB � = 0. !?98B64F9?PAB, ý = 4�9 . 

(1 54??) 
"B25B: ý = 4�9 .  

$5H5=85 2. Л96GR K4EFP GD46A9A<S CD9B5D4;G9@, <ECB?P;GS HBD@G?G cos(ÿ 2 Ā) = cos ÿ cos Ā +sin ÿ sin Ā, E CB@BMPR sin 2ÿ = 2 sin ÿ cos ÿ < ;4@9F<@, KFB �9 = 2�18. (cos ý cos �18 + sin ý sin �18)2 = 4 sin ý sin �18 cos ý cos �18  ⇔ 

(1 54??) cos2 ý cos2 �18 + 2 sin ý sin �18 cos ý cos �18 + sin2 ý sin2 �18 = 4 sin ý sin �18 cos ý cos �18 ⇔ cos2 ý cos2 �18 2 2 sin ý sin �18 cos ý cos �18 + sin2 ý sin2 �18 = 0 ⇔ (cos ý cos �18 2 sin ý sin �18)2 = 0 ⇔ cos ý cos �18 2 sin ý sin �18 = 0. 
(2 54??4) 

ИECB?P;GS HBD@G?G cos ÿ cos Ā 2 sin ÿ sin Ā =  cos(ÿ + Ā), @O CB?GK49@ D469AEF6B cos(ý + �18) = 0. 
И;69EFAB, KFB 9E?< cos � = 0, FB � = �2 + ��, 789 � ∈ ℤ. !?98B64F9?PAB:  



ý + �18 = �2 + �� ⇒ ý = 4�9 + �� 

(1 54??) 
"4> >4> ý ∈ (0; �2), FB?P>B � = 0 S6?S9FES CB8IB8SM<@ ;A4K9A<9@. !?98B64F9?PAB, ý = 4�9 . 

(1 54??) 
"B25B: ý = 4�9 . 

�040G0 4. �4=8<F9 6E9 FDB=>< J9?OI K<E9? (ÿ, Ā, ā), G8B6?9F6BDSRM<I E<EF9@9 GD46A9A<=: 
{ÿ + Ā = ā,Ā ∙ ā = ÿ.  

$5H5=85. �B8EF46<@ ÿ = Āā <; 6FBDB7B GD46A9A<S 6 C9D6B9: {ÿ + Ā = āĀ ∙ ā = ÿ ⇒ Āā + Ā = ā. Āā + Ā = ā ⇔ Ā(ā + 1) 2 ā = 0 ⇔ Ā(ā + 1) 2 (ā + 1) = (Ā 2 1)(ā + 1) = 21. 
(3 54??a) 

Ч<E?B 21 <@99F FB?P>B 864 J9?OI 89?<F9?S: 21 < 1. !?98B64F9?PAB, 8BEF4FBKAB D4EE@BFD9FP 864 
E?GK4S: 

1) {Ā 2 1 = 21ā + 1 = 1  ⇒ {Ā = 0ā = 0  ⇒ ÿ = 0. "DB=>4 (ÿ, Ā, ā) = (0, 0, 0) G8B6?9F6BDS9F E<EF9@9 GD46A9A<=. 
 (1 54??) 

2) { Ā 2 1 = 1ā + 1 = 21 ⇒ { Ā = 2ā = 22 ⇒ ÿ = Āā = 24. "DB=>4 (ÿ, Ā, ā) = (24, 2, 22) F4>:9 S6?S9FES D9L9A<9@. 
 (1 54??) 

"B25B: (ÿ, Ā, ā) ∈ {(0, 0, 0), (24, 2, 22)}. 
�040G0 5. �4AO >648D4FAO9 FDёIK?9AO ÿ(ý) < Ā(ý), G8B6?9F6BDSRM<9 D469AEF6G ÿ(21)Ā(21) = ÿ(1)Ā(1) = 22. 
�E?< <;69EFAB, KFB ÿ(3) = 36, ÿ(2) = 17 < Ā(2) = 21, A4=8<F9 ;A4K9A<9 Ā(3). 
$5H5=85.  4EE@BFD<@ FDёIK?9A ℎ(ý) = ÿ(ý) + 2Ā(ý). 

(1 54??) 
И; GE?B6<S ;484K< 6<8AB, KFB ℎ(1) = ℎ(21) = 0. !?98B64F9?PAB, ℎ(ý) = ÿ(ý 2 1)(ý + 1). 

(1 54??) ℎ(2) = ÿ(2) + 2Ā(2) = 17 2 2 = 15 = ÿ(2 2 1)(2 + 1) ⇒ ÿ = 5. 
(1 54??) ℎ(3) = ÿ(3) + 2Ā(3) = 36 + 2Ā(3) = 5(3 2 1)(3 + 1) = 40 ⇒ Ā(3) = 2.  
(2 54??4) 

"B25B: Ā(3) = 2. 
 


